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K, 29
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TECP' (AL MEMORANDUM X-53958

LARGE ANGLE McTHOD FOR SPACE VEHICLE ANGULAR
MORMENTUM DESATURATION USING GRAVITY
GRADIENT TORQUES

SUMMARY -

An angular momentum desaturation method is prese:ted for space
vehicles in orbit. This method utilizes the gravity gradient torques and -
therefove avoids the necessity for niass expulsion by reaction jet attitude
. control systems. The desaturation method is based on the assumption that
the minimum moment-of-inertia axis has to be aligned with the sun vector
during orbital daylight for solar experiments. It is further assumed that the
difference between the two large moments of inertia is negligible. Large
angular maneuvers of the minimum moment-of-inertia axis during the orbital
night maximize the gravity gradient torqu-2s that are then utilized for
desaturation of the angular momentum stored by a momentum storage device
such as control moment gyros.

. The basic idea of the desatusation method is that, fur as long as
possible, the vehicle minimum moment-of-inertia axis keeps a constent
attitude with respect to a rotating coordinate system in which the local
vertical is along one of the axes and the orbital angular velocity is along
another. The constant attitude. with respect to the rotating coordinaie system,
is calculated for pruper momentum desaturation.

To keep a constant attitude in a system rotating with constant angular
velocity requires, in general, inertial angular rates about all body axes
simultancously. These rate. are constant and present no probiem for the -
implementation of the desaturation method.

The gravity gradient torque is perpendicular to both the local vertical
and the minimum moment-of-inertia axis for the assumed vehicle configuration.



INTRCDUCTION

Some missions for space vehicles in orbit require an 1avestigation
of a celestial object wnich in tura requires an inertially fixed attitude uuring
the time the celestial object is not occuiteu by the earth; e.g., the Apollo
Telescope Mount ( ATM) and its solar experiments [1,2]. In the following,
ATM romenclature and defiritions will be uscd; e.g., sun instead of celestial
object or night instead of occultation time. etc. The once-considered
ATM/LM/CSM configuration will also be used, since it had the moment-of-
inertia distribution typical for the angular momentum desaturation method
under discussion,

Gravity gradient, aerodynamic, and other external torgues ncting on
the vehicle during the time the vehicle is inertially fixed must be absorbed
bv an angular momentum storage device, which always has limited capacity.
A method for momentum desaturation which does not require nrass expulsion
is desired. The fact that an inertialiy fixed attitude is not required during
night allows the utilization of the gravity eradicnt in conivnetion with vehicle
attitude maneuvere : Jlsawrate the momentum storage device.

Two typically different cases can be identified for the problem of
momentum desaturaticn if it is assumed that two of the principal moments
of inertia of the vehicle are apout the same and the third is smaller, In the
first case, the minimum noment-of-inertia axis can be put into the orbital
plane and kept perpendicular to the sun vector. This case is treated in
Reference 3 and does not present a problem. In the second case, the minimu:n
moment-of-inertia axis is par:ilel to the sun vector, and a desaturation
method for this case is treated in Reference 4. However. simulution shoved
that this method (which worked satisfactsiily tor ihe gravity gradient torques
alone, was nrot effective when significant aerodynamic torques were encounteresi,
The method ‘lescribed in the following sections increases the effectiveness by
maximizing the gravity gradient torques and the time these torques are applicd.
This require< the minimum moment-of-inertia axis to hrive a constant attitude
with respect to the gravity gradient direction, and this attitude :nust Hhe main-
tained as long as possible.

1o



GRAVITY GRADIENT ORQUE AND MOMENTUM ACCUMULATION

The gravity gradient torgque acting on the vehicle can be expressed

=G

’~
:;Q'ril'

(1)

~ _for a vehicle in circular orbit {which is assumed [or further development),
where 1 is the vehicie moment-of-inertia matrix. Q is the orbital rate,
is a unit vector par:llel te tic radius vector frem the earth center to the

vehicle center of mass, and r is defined as

When equation (1) is developed for the principal mement-of-inertia system,

P,

or

we bkave

= 3():

(3)

+H

-
(51



with -

Al =1 -1
X z 'y
Aly=lx-lz )
Al =1 -1
z Yy X

where l‘. ly' lz are principal moments of inegia, and the components of r

are in the P-system. For convenience and comparison, the defipitions for
ATM coordinate systems are used which are given in Appendix A. Equation
(1) can be further simplified if the assumption is made that I and I are
. . X y
identical: -

r
y
= 302 - \ -~
Tep = 35 7% ) - (8
0
—

“Throughout this report, the assumption is made that there is no
misalignment between the vehicle principal moment-of-1nertia axis and the
geometric axes. Under this condition the components of the radius vector r
with respect to the principal axes are

T .— 1 0 0 | -m 0 sn_ B 0 |
X t t ,
ry =10 @ s v } 0 )
X v - con_ {l-=m v cx, | -1
_‘d L X Jut 2 | .
r - -y
sn,
== sneen, (7
N




where N is the clevation angle of the sun vector from the orbital plane and
0, is the orbital angle fron: midnight (definitions in Appendix A). For zc¢ro
attitude error the torgue abuut the vehicle axos becomes

= h

?lxsnxcqxc'nl -
* = --)2
Lep = | Mo e, \3)
AL e
L I d
or
1 . . ~ e
5 S (1 +c2n) Alx
. 3 :
= —0 5: _ 9
Igp ° 2 u sl o )
s Sl

If the attitude of the vehicle is held constant between LI and 3 tb the
[olh;wing momenta will accumulate (where ll‘) is the stored monientum at
gt ar-d the compunents are in the P-system). -

: s?.nx [‘”‘m* szntb) - (33L'1+ qum)J Alx

..‘— I

3
N 2o _ i Lo
H H + ks o ic2y i cZy ) _\Iy

- S"x (C&'tb - c'.‘.nm_' .)lz

ANGULAR MOMENTUM DESATURATION METHOD

The assumed inertia distribation for case two is such that Al‘ and

_\I\_ are almost equal in magnitude. whereas Al is very small.  Equation
) z
(9 shows that only the n-uaas has - biss toryue, It is coemparable in

(5] )



magnitude with the cyclic y-terque.  The only way te desaturate the momentum
caused by the bias torque is Uy reversing the sign on the suna elevation angle
n; i.e., a larg: manc_ver aboul the x-axis at the begianing 2mi at the end of

e _aight is maidatocy. Thercforc. this mancuver is part of any desaturation
method for casetwa t i, 3l _Visualization ol the gravity gradient torgque _
(which. for the general case. bas beca attcmapled in Reference €) for case
two is relatively simple wiea the large momenis «f incrtia are assumed to be
equal. The .org~ ‘s then poopendicclar o tae gravity gradient and the
zp-axis (mininu-a moment-of-inertia axisj. and it tends W align the latter

with the former. Then, the gravity gradient desaturation metaod is developed
in an iner-izlly fixud orbital coordinate system. 1. sbhere (hexl—nms isin

ﬂneorbnhl;ﬂneandperpenﬁcﬂnrlomesmvedm the r—-m.sxapup:a-
&cnlarwtheorb-mlylanepomtmgnorm, amithezr-:mscomplewsthe
right-handcd ~vordinate system. Tht{zl-ms ~oitcules with the projection
of the sun vector inic the orbital plane.

. The x-momentum demmratxon is the most critical because, for A
,mammummomenmmacvunmhhonootheday-hlfottheoﬂm (!n 1 =33

- degrees), ms&nh"eoua praneuvers of 90 degrees about the x-axis would be
required at the terminators to equal the accemulation. Clearly, more capability
1S required; therefore, vther maneuvers for x-desaturation are necessary.
'lhebesttlntmbedmeistokéepﬂnezp-;axisata-ls-dcgmeanglewith
respect to the gravily gradient direction (maximam gravity gradient torque)
and have the projection of the zp:-a.us into the orbital plave coincide with the
gravity gradient directi-m. Under thesc urcumsgances_ ihe xl-quue is
proportional to the cosine of the orbital angle, . rather than the square
of the cosine. resulting in a much li.ger desaturation capability than the
maximum day accumulation. The zp—:-_\:is then describes a cone in irertial
space. .-\ constaet y r -torque results when the ZP_:I.\IS projection does nol
coincide with the dlreclmn of the gravity gradicat but is offset by a constant
angle. This is used for the y-wuiventum desaturation. A z-momenium
results only when the itegration interval is not symmetrical with respect

to nudnight. Nonsymmetry is Jhecefore used for the z-monientum desatura-

ticn, The desatacation n.ethod also has to work when an a—-desaturation (sun
veetoer in the orbital plane) is unnecessary and it was found that a tilting of



the maancuver conce by a small zrrot;;lion wiil result in the desired desatura-

tion capubility as shown in tie (quations developed-later.

A series of single-axis maneuvers is initiated at the begioning of the
night to arrive at the desired attitwie.  Constant angular velecitics abuut two
axes arz reguired to hold this constant attitude of the minimum moment-of-
inertia axis with respect to the direction of the gravity gradient. Another
. series of singie-axis maneuvers brings the vehicle back to the desired sun-

orienied day attitude at the end of the night. The series of maneuvers (always
“about the instantancous vehicle axes) is given in Tabie 1.

 TABLE 1. SINGLE-AXIS MAXEUVERS

At Beginning of xigﬁ b Before End of Night __ |
Axis ~ Amount ) Axis ) }\‘:ﬁ(umt
x "?x X ':t‘x:
z S8 ¥ » -, _gyi'_ '\‘Ry .
y a +5n_v - -\ﬂy Coz -#z ) -
x r th - x +n\ : |

The two y-mancuvers mg‘iﬁm further explanation. They are performed in )
the orbital plane (for B, =4 whichis illustraled in Figure 1, The projection

of the zp—u.\’is moves through an angle of B.Jsu)_ while the zp—axjs is coning
between the two sets of single-axis manceuvers. The coning requires sn
inertial angular velocity of the vehicle about the yl-uis which is resolved

by p_ iniothey - and z -axes,
N p p
All maneuvers are performed by applying precaleulated constant

angular velocities about the appropriate vehicle axes tor precaiculated time
intervals, identified by the equivalent orbital angle iy in Table 2,

-



7y 20 (MIDNIGHT)

AT Figure 1. Mélgeugg{r éngl,gs: E =Ry

’ R I A .

. TABLE 2. ANGULAR VELOCITY COMMANDS FOR
'x, ¥, ‘AND z VEHICLE AXES = _.

L3

x | ot ol | ot e | o s 1< 1--
al ° 1 € ) Sk e il

L] i

x2
o Lé | o Ga]| 0|0

z o el o] o Te .l ol o] €.
- 1 . : . B i ZJ

¥/



Ny

Tero

= N

= -K ini -
K

r}w-—hemz! | Cl
Mgy = K lu + 3y = au |

5 —heeux:

= An, - AR

=95 +K 'u!
]tts e“z

= Mg ¥ (i'lx; ,



with

(11)

where Q is the orbital vate and o is the angular rate limit of the vehicle -

L
about the large moment-of-inertia axis.

DESATURATION COMMANDS

, Each desaturation method can be split into two parts. One part is
concerned with the generation of the desaturation commands; the other part
~ is concerned with the schéme to desaturate the commanded momentum. These
- two parts are rather independent of each other; e.g., several different methods
for the momentum command generation could use the same method for the
‘maneuver angle generation. - o :
Several facts that affect the mo:..entum command generation must be
born in mind.: The first is that approximations will have to be made for
the calculation of the angular mon:entuia desaturated by a given set of
: _inmnéuvers, or the mathematical treatment becomes unmanageable. Secondly,
" the stored angular momentum is the difference between the accumulation and
the desaturation and does not indicate the desaturation itself. Furthermore,
the assumptions were made that the large inertias are equal and that there is
no misalignment between the principal moment-of-inertia axes and the geo-
metric vehicle axes. It is therefore impossible to generate an exact command,
and the desaturation command has to be updated by a summation process such
that (i=x, y,2)

M = )
dDin ~H (12)

Hia-1) " ~pi

where H_. is the present desaturation comunand, H__. is that of the
Din ~ Di(n-1)

Jast orbit. and AHDi is the desired change. The latter has to be chosen
such that H_.

Di
consideration shows the following torm to bhe adequate [3.4]):

will home in on the cxact solution. Sample data system

1o



AH = K

Din . n H‘-\in * l\(n-“ H:\i(n-l) ’ (13)

i.e., it is necessary to also consider the past orbit. H;\i

“angular momentum dependent on the stored momentum of the following form:

is an average

(14)

This form averages the peak momenta (during the day-half of the orbit only)

and provides a selectable offset through HB which allows the conversion, on

the average, to any point in the momentum space.
For ease of initialization (initial values for the angles are known, and

the ounes for the momentum commands are notj equation (12) is replaced by
‘equations of the form . :

" K. AH . (15)

= +
in “i(n-l) i) j

The "memory" is now in the past maneuver commands rather than in the
summation of the desaturation command changes; cf. equation (12).

DESATURATION MANEUVER EFFECTIVENESS

z
Apy. and _\nt has to be establishz=d i0 the  lesired momentur: is to be

The effectiveness of t.e commansded nmrneuver angles o “y' o

desaturated. The angle Auy witd Ua.ys Lo large; u, can be large. But

“y’ M, and 'Mt will be less than ! ‘cgrees and small angle approxima-

tions can be assumed to simplify the development; i.e., second-order and
higher-order terms are neglecied. The samce reasoning allows neglecting
_any product of the small angles.

Equation (6) shows the gravity gradient torgue about body axes in the
Posystem. The components of r in the P-system are

11



1

]

or

Transformation of the gravity gradient torque to the I-system results in

L
N

-

= 1+p cp sy -su
uz“.\ t ;.\

-n s - Cj
"2 “xsqt Hx

)

- (B e . -~
0 ¢ {
i \ M ‘
] 1 - 1 -
t :
— —

[
L aL

v" T

[
| -

(16)

(17)

(18)

Evaluation of equztion (18) with the use of cquations (6) and (17) results in
(second-order terms are neglected; details are in Appendix B)

This torque has to be integrated over the orbital angle interval from
_\n[ -Au to N = '\')'t + _\.yy (Table 2 and Fig. 1). The accumu-

s =

= — 2u )+ s2u e
uy(1+c ) M, SO0y

r—s-:l,u o, ~p ¢y sy
X 't Z X t

-s2u sy + 2u (1 - ¢2
B SN, TR, C Mx( nl)

e

(19)

lated momentum components in the I-system (inertiaily fixed orbital midnight
system) are (details are in Appendix B)

H
X

H

[

4

A,

s S\
Hy SAH

-

2 1+ 20 )Au +p
ST [u\,( I»x) rt}, ¢

s sAu
7 u.\ S

(20)

(<1,



2 1
= = |-An, sk sy +— -2 2 - 52 22
Hz A, [A7.l* x\.),,t}_ y uZL “.\(_A“y b..luy) (22)
[N
where
2
A, =
: 39 Al
X

Expressions of the muaneuver angles as a function of the commanded
momentum «re reeded such that the actual momentum of equations (20), (21).
and (22) equals or approaches the commanded momentum. Additional con-
straints are needed since there are more nianeuver angles than equations.

The x-momentnm desaturation takes first priority and equition (2v)
shows that ._\/.1\, should be as large as pussible. subject to the available

maneuver time. It will therefoire be made a funct.on of all thie other maucuver
angles and is not considered independent; cb. equation (34).

Equations (12) and (15) show that there is interest in the gains
connected with the change cf the maneuver commands. Partial differentiation
will supply the one for _\H‘:

-3
M = — 2e2p sAp @
M 3, Copy A"y(ux
or

é)p\ A

— 2 1 (23)
ol S AV OUT

hN ) X

A small positive gquantity, K. has to be added to Cl.fux to aveid the
possibiiity fer infinite change of Koo which is only an indication of the lack
ot effectiveness of b The -,1\—\'uluc of the previous orbit can be used for
c;.’px smee u changes slowly.,  The n-gain now has the form

A
R 1 (=t

AN bsAp (e2p =k
o r.\, i.\ )

*>
)



I'he problem has been reduced to equations (2i) ad (22, and three
maneuver angles (|, M and Ar;l). The capabilizy ot g o desaturaic

4
~

a y-momentum is relatively large, and itis ther ore logical o address the
z-momentum desatuvation firs' assumng that  can easily compensate tor

any effect of u, on “)"

Equation (22) shows that tho ¢ficctvenoss o1 . on liy 1S pPropor-

tional to C’—’N‘ and that vt > i~ pro. reonor b S This suggests the

following relaticns

A, c;’y\_
- g S ¥ 2.
H, 2\ - 82\ - (=
¥ )
Ay s‘.!u\
= -——— H 26
Ant ‘.:s;_\uy Dz (=)

Eliminaiioa of M and Ant from equation (22) with the aid o. :quations (1)
and (26) shows that the actual momeinram, Hz' cquals the commanded
momentum, H__ . Tae relntionships of equations (22} « «d (26) also hold

Dz
for the changes of the angies for a chai ge in the momentem command aad we

have
' A, (_‘2/.£X )
S s - (27)
74 2N - s2Au
¥y "y
.\1 S..’u~
K - - - (2>,
A2 25

With M hknown. the acwual and the commanded y-momentum can now be made

v ientical by

14



S =L

A AN \
4 il - (29)

& ‘ P ! - ; o s
<At -l ) Dy WD S GEFE | PA
\ A N

LY
A
-~

‘e

witich resails in ne gans

RV .
¥ N

~2a 8s\;
“\ r‘.‘.

vZ i (1~ e lp
v N

When e ohove aupualicns are cast into ine form of equation {13 we have

W llh

R R .
XA i~AG e~ k)
y A
A
. -3
h - » )
w QAL el

A
i N
1. (3v)

— 1)



282u s

K Sy
T 2o
vz Auy (1= ¢y _\)
) c‘:“x A'\'.
l\zz ) 2\t - s2\p
}y %
52 A
- B S pX 1 N
Py T Taae - 15
¥y

The angular momenta are measured about the vehicle axes (whicn. under the
assumption sf no wmisalignment, is the P-system) while being sun-oriented,
but for the development so far, all momenta components were assumed to be
in the I-system, and a resolution is necessary:

1 0 ¢

(.;ml = I (_\H)p (33}
)
o oem e

Assume an orbital angle from -p to +g (usuazlly equivalent to the night
intervanij with respect to midnight is available for desaturaticn: then _\p‘_ 1s

) S

-\u). g p-i\e (".\- Tl '..\uy + 'uy*-\nt N

This calculation will be made after the grins Kij are established; i.e. . the

gain calcuiztion is performed with the .\py vilue of the past orbit and the new
_\.pv 1s celeulated \\'iu_l the maneuver angics of the present orbiat; cf. equartions (23)
lhl:ough \34). The reasoning is that the KU'S aie only an approxiination,

whereas a correct _\,1‘_ is important for maxiinum cficiency of the desatara-
tion method. .

io



CONCLUSICN AND RECOMMENDATIONS

The minimunm percentage of tie orbit needed for full angular momentsm
desataration asing wravity gradient torques is 31.9 percent, wherc the following
assumptions arce made: the sanline cleaation angle 1y is 45 degrees (worst case),
the velidcte has wnfinite angular raie capability . and no other torques besides
wravity gradient act on the veiicl<. The normalized torque profile about the
xp-axis for this case is shown n Figure 2. A {inite orwular rate causes an
increase of the minimum des:turation percentage . i example. simulation
stiows that the mininam desaturation percentage .acreases to abocet 38 percent
for 2 maximum r=te of 0.01 7ad s. Consideratic of other external torques
(@crodipamic. magmetic, ete.) could furthes incr. ase the minimum desawuration
poercentadge.

A satellite in 2 circular orbit wiik an aildtu-de of 433 k. for example, has
a nighttime of only 33.4 percent for ny - 45 degrees. and the conclusion must e
drawn that valuable davtime which should he availabie for experiments is necres
for momentara desaturation. Unicss other means can be utilized for momentum
desaturation (magmetic torques, otc.). the recommendation is to reviewn tae
mission as to whether it is possible to huve the mininum moment-of-inertia
axis perpendicular to the sunline and simultancously in the orbital plane (for
case one. see Reference 3). Such an orientation results in very small desatura-
tior percentaves. especially if it is possible to keep the difference between the
iarge moments of mestiz smail. Angular velocity requirements for case-one ve-
hicles are about a magnitude smzller than those for case-two vehicles. alloning
the ase of a smalicer capacity foi the momentum storage system.,

Figure 2. Normaio-d Nlorgae profile.



APPENDIX A

DEFINITIONS OF ATM COORDINATE SYSTEMS AND ANGLES

The angles and covrdinaie systems used for the ATM are shown an

Fizures A-1 through A-6.

DEFINITION OF SYMBOLS.)
Transtformilion
Svubsls Matrix
X E
y A
E
X
O
‘0 ‘\U ) ['\zl L“yl' E
z
O
'\l{
1R :\R = lrs_\i h}i'\o
ZE!
.\\.
v Ny iRy
, .
v
~ P
Y, N,, N
A
l)

All systems were not necessary for the develop-
mcnt of the desaturstion method.

\ The ones not ased do not appear ia the

Deiinition

The eguatoriai zysiem is the hasic system
te which 2lf others are refevenced. I is an
carth-centered inertial frame with the
z-axis tonard vernal eguinox and the v-axis
toward earth north (Fig. A-2).

The orbital system is an earth-centered
irame with the z-axis toward the ascending
nixde and the y~axis toward orbitai north,
idertified as a quasi-inertial system

(Fig. A-3).

The refu-ence systea provides aw ideal
reference for tae vehicie. It has tiwe
Z-axis tonird the sun ceater aad the n-uanis
e the orbitad plare  dintificd as a quasi-
mertiad system (Fig. A-3).

The vehlele systea is gevsntetrically
cunterad in the ATM L3 CSM with the
£=3\1S twacivd the AT,

Toe princyxu axis sysican is spadiar o
the vehicle systenm eacept that the crigin
13 at the venicic center of  tass and ihc
anes are alesg the primcipal meenent-of-

Inerila anes.



Transformation
-Matrix

N - l¢zl.\

1\1 = [n}_il\o

Definition

The disturbance system in which aervo-
dynamic and graviy gradicnt forces arve
defined. It rotates in the orbital plane

with the vehicle and maintazins the z-axis

tenard carth center. The x-axis is
tangent io the orbit and opposite t9 the
velocity vector (circular orbit only)
(Fig. ;\-G) .

The sun or celiptical system is an earth-

centerad inertial [rame with the z-axis

toward the vernai cquinox and the x-axis

in the plane of the ccliptlic (Fig. A-4).

The intermediate system is-an orbital
coordinste system between th> O-system

and the R-system. The x-axis is perpen- -

dicular to he sunline and in the orbatal

planc. Th: y-axis is perpendicular to the

urbital plane pointing north,

19
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Figure A-1. ATM/ LM/ Cs3 configuration.
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Figure A-Z, The celestal sphere,




Figure A-3. ATM orbital coordinate system relative
to equatorial system XQ = [Ali [Ayixg.

EARTH
NORTH

Figure A-4. ATM sun (ecliptic) coordinate system relative
to equatorial system xs = ;@zmg‘




Figure A-5. ATM refcrence coordinate system relative
to orbital system XR = h;‘ai h,y;x o '

Figure A-6. ATM disturbance covrdinate system velative

to vruital systemy X =1y +=n IN .
3 L:l D [:{l ?}'1 (}




APPENDIX B

DESATURATION TORCUE AND ANGULAR
MOMENTUM COMPONENTS

The components of the desaturation torrue snould be in an inertial
frame for ease of integration to obtain the angular desaturaticn momentum.
The components of the desaturation torque in the T-system are [see
equation (1%)}:

Evialuation and use of equation (6) leads to

mt(ry “Hy Ty skt - mtwy 'y Tx Su ) vu T oo
- 2 . _ Vo -
I‘G’l‘ = 3 'ux N ™ [e"l"y “y Tx Sty ”lmy ry Ty s“x’] Ty Sy
L&ll(ry - uy re Sp ) - cn".n). r’, rr, sux)

or. with equation (17) and neglecting second-order terms.

— —

2u N, - 2 2
S2p N, - M c2p S,

. 3 .
T = == +c2 + S2p O
-l-GT 2 ~1 uy(1 ¢ u.\;) My 5F¢ My

-s2 +u c2u (1 -cy ]
s2u sy v R Cop U

- —J

integration of the x-component of lGT from

N =S - Ap to 7

- An + A
5 \ t6 T He

vresults in (with Ay - 2 30 AI‘):



e e
= S - s 52
H“‘ A, 21 j a, dz;t M, o f s ’*s;t dn:
s s

i

-

1
:: - o e : ‘ *;‘ - ‘;ﬁ *
sp Asn, . saw) M cop 5 e ’?Im C ”ts’

Substitution of n 5 aml n 6 and ueglecting second-order effects results in

“3
H = — g2 .
X A; i Fx %gy

Simiiarly for the y-component we have

Tt6 "6
b} “Fag % ¥ '
Hy ma 8 el J & s“‘f“x J o, dny
s = T

i

'5" .,2 - e 'i’ 3 - i 3 2
Hy Ut esu) Mg i) 2 0, S, (N, - o))

After substitution of the values for m we have

3
H = = 1+c2p ) dp +p s2u sy .
vy A [ny ( HJ Bt U, B uy]

Development of the z-component results in

"1 "o
A = o +qp c2 (-2
oy s2p | osn dn v cn [ (- dny
t5 N5

= - 82 23y s «:» c2p (2 - 323¢n
Sap ""}‘?t m.‘ﬁ-ﬁ»}, M, Col {dny tyJ



After substitution of the values for 7y We have

z | 1
T e o *Z ox e — ,‘2 5% . i
HZ N t ,.:sf,‘t Sl ixl’s&fy 2 H, Sel {...:x;zy s...,:my;}
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